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NEW FORMULA FOR THE INTEGRATION OF ae q = 0. 


[From the Messenger of Mathematics, vol. vit. (1879), pp. 60—62.] 


I HAVE found in regard to the differential equation 


da A dy ai 
Va—«#.b-—2.c—a.d—2)' K(a-—y.b-y.c-y.d—-y) ” 


a system of formule analogous to those given, p. 63, of my Treatise on Elliptic 
Functions, for the values of sn (u +v), cn (u +v), dn (u +v). Writing for shortness 


a, b, c,d =a—zx, b—zg, c= z2, d—z, 
ai; b,, Ci; dj=a-y, b—y, C=, d— y, 


and (bc, ad) to denote the determinant 


1, æ@æ+y, xy}, 
1, b+c, be 
1, at+d, ad 


and (cd, ab), (bd, ac) to denote the like determinants; then the formule are 
ih a—z\_(a—b.a—c) {y(adb,ce,) + /(a,d,be)} 
(a — 3) rg (bc, ad) g 
_N(a—b.a-—c)(&—y) 
a y (adb,¢,) =y. (a,d,be) i 
_v(a—b.a—c) {v (abc,d,) + V/(ab,ed)} 
(a — c) V(bdb,d,) — (b — d) y(acacı) ’ 


_ v(a — b.a — c) {v (acb,dı) + V(acibd)} 
~  (a—b)/(ede,d,) — (c — d) y (aba,b,) ’ 
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4) (e -9 Vaba) +0- acne) 


Jez- —_- °° 


J (2a) ivtabesa,) -vabe 
~ M(adbye,)= V(adibe) ” 


af (2=3) (cd, ab) 


pory a c) v(bdb, d ı)— (b— d)/(aca,c;) i 


V (f=) (e-d v(bebx,) +0 — 0) viadayd,) 


Ti (a — b) y(cdc,d,) — (c — d) y (aba,b,) 3 


NiE =4) os J (% =) {(a — b) V(ede,d,) i ikk =d) Ve ) 
x (be, ad) 


al (ia) acbd) - veaerba) 


a= 
~ /(adb,e,) — /(ad,be) m4 
V (EZ a) (E-D Voch) (=e) ada} 
~ (a=) V(bdbyd,)—(b—d) V(acac) 


"i (=) (bd, ac) 


= (a—b) v(cdc;d,) — (c — d) y (aba,b,) 


The twelve equations are equivalent to each other, each giving z as one and the 
same function of s, y; and regarding z as a constant of integration, any one of the 
equations is a form of the integral of the proposed differential equation. 


Writing in the formule z=a, b, c, d successively, the formulæ become 


æ=q, æ=b, æ= 0, s=d, 

a-z a _¢-ab, _b-acq a-b.a—cd, 

d--z d’ -b o’ d—cb,’ d—b.d—-c a,’ 

b= b, _¢-ba b-a.b-cd _a-be, 

des a d—aec,’ d—a.d—c b,’ d—c.a,’ 

ee c—a.c—bd, _b-ca _a-cb, 

d—z d? d-a.d—b œ’ d-a b,’ d—ba,’ 

viz. in the first case we have z=y, and in each of the other cases z equal to a 

ay+B 


linear function anaes of y. 


Cambridge, July 3, 1878. 
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